Specialist Mathematics 3CD

(b) The required line passes through the points with position vectors —2 i + 3 j + 6 k and
i+6j—k.
Hence, the direction vector of the line is of the form
(2i+3jr6k)—(F+6j-k)=-3i-3j+Tk
Therefore a possible vector equation of the required line is
P=(2i+3j+6k)+A(Bi-3j+Tk)=(2-30)i+(3-30j +E+TNk

Example 2.2 )

Determine if the point with position vector <-1, -6, 5> lies on the line
r=<-1,2-3>+x<0,-5,5>

Solution:

Since r represents the position vector of any point on the line, then r = < —1, -6, 5 > must satisfy
r=<-,23>+A<0, 56>

Consider <-1,-6,5>=<-1,2-3>+1<0,-5,5>
Comparing i-components: ~1=-1

Comparing j-components: 2-5A=-6 = A=16

Comparing k-components: -3 +5A=5 = A=16

Therefore, r = <—1, -6, 5 > satisfies the equation r =<-1,2 —3>+x<0,-55>.
That is, the point with position vector <—1, -6, 5> lies on the given line.

Example 2.3

Use a vector method to find the position vector of the point of intersection between the lines
r=<-1,1,3>+A<1,2,1>andr=<2,1,8>+A<1,-1,2>.

The two lines are
traced as the value of
A changes. However,
they do not have to
“trace” at the same
pace. Hence, start by
changing the "A” in
the second equation
into “u’". This makes
sure that the twe lines
trace independently.

Solution:
Rewrite equations as r=<—I, 1,3>+4<1,2,1>
=<—1+x 1+24,3+A>
r=<2,1,8>+p<1,-1,2>
=<24p, 1 —p,8+2u>
At the point of intersection,
<—14+M1+20,3+A>=<2+p, 1 =p,8+2p>.

and

Comparing components: ~1+A=2+p 1)
1+2A=1-p (D)
3+A=8+2u (III)

~ Edit Action Interactive

Solve I and II simultaneously: A=1,p=-2.

widh =254
1+24=]-3

Substitute A = 1, p = -2 into (IID),

a true statement is obtained. alat

{x=1,y=—z}h—n

Hence, the two lines meet at <0, 3,4 >,
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Example 2.4

Use a vector method to show that the lines with equations r=<1,~1,2>+ A <-2.1, 1> and
r=<1,1,~1>+A<3, -1, 1 > are non-intersecting. o

Solution: The two lines are
traced as the value of
A changes. However,
they do not have to
“trace” af the same
pace. Hence, start by

changing the " in

Rewrite equations as r=<1-~2A, -1 +X,2+A>
and r=<1+3p,1-—p,~1+u>
At the point of intersection,
<1=27,~1+A,2+A>=<]+3u, l—p,-14+p>.

Comparin . B - the second equatio
paring components: 1-2h=1+3u @ into “u. This males
“1+Ai=1- n (ID) sure that the two lines
2+ h=—]+ W (IH) trace independently.
Solve I and IT simultaneously: A=6,p=—4,

1.4 RAD AUTO REAL

Substitute A = 6, B =—4 into (IIT),
a false statement is obtained. solve(1-2x=1+3-y and -Lrx=1-3{x})

xe=h and y=-4

-Hence, the two lines do not intersect.

1.1 Parametric Equation of a Line

The vector equation of the line L passing thi'ough the point with position vector a and
parallel to vector 4 is given by r = a + Ad.

a d,
=|a, |andd=|d,
a, d;

. . * a d,
equation of the line can be writtenas | y | = | a, | +A| d,
z a, dy
J and & components:
x=a +hd
y=ay+ Ao
z=qg3+ 7\.6213

s is referred to as the parametric equation of the line L.
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Example 2.4
Use a vector method to show that the lines with equations r =< 1,~1,2>+ A <-2, 1,1 >and
r=<1,1,~1>+%<3,~1, 1 > are non-intersecting.

Solution: :‘;;ec:; Cc,:.'.{i;;z: ‘i:z{e of
Rewrite equations as r=<1-2%,-1+4,2+A1> A changes. However,
and r=<l1+3p,1—p~l+p> they do pot have 10
At the point of intersection, pace. Hence, start by
S1=20,~1 40,24 A>=< 143, Top, It p>. | chagigie 2
. i
Comparing components: 1-2A=1+3p @ into “u”. This makes
—14+i=1- B (I sure that the two lines
trace independently.
2+h=-1+p (IIL)
Solve I and IT simultaneously: A=6,p=-4
1.1 RAD AUTO REAL i3}

Substitute A = 6, p = —4 into (III),

a false statement is obtained. solvel1-2o= 143y and Txmtp{xp}] 7

x=6 and y=-4

- Hence, the two lines do not intersect.

2.1.1 Parametric Equation of a Line

¢ The vector equation of the line L. passing through the point with position vector @ and
parallel to vector d is given by r=a + Ad.

z
X a dl
ence, the equation of the line can be written as | y | = a, | tA|d,
: Z a'3 d3
g the i,j and k components:

' X =g+ Ad)

y=a;+ Ady

z=a3+ Ads

hree equations is referred to as the parametric equation of the line L.
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Example 2.4
Use a vector method to show that the lines with equations r =<1, -1,2>+ A <-2,1, 1 > and
r=<1,1,-1>+4<3,~1, 1 > are non-intersecting,

inn- The two lines are
Solution; traced as the value of
Rewrite equationsas r=<1-2A,-1+X%,2+A> A changes. However,
— they do not have to

and . . .".— <143p,1- H, =1+ k= “trace” at the same
At the point of intersection, pace. Hence, start by

<1— —1+ A >=< ] —u=-14+u>. changing the “A"” in

. 2h, —1+ 2, 240 143, 1-p, -1+ the second equation
Comparmg components: 1-24=1+ 3“ (I) into “u”. This makes
-1+A=1-p 1)) sure that the two lines

24n=_]+ " (HI) trace independently,

Solve I and Il simultaneously: A=6,u=-4

11 RAD AUTO REAL ®

Substitute A = 6, p = —4 into (1),
a false statement is obtained.

[

solvel1~2uc=1+3p and -14x=1-3, {x ) &
x=6 and y=-4 |

£
H
i

Hence, the two lines do not intersect.

2.1.1 Parametric Equation of a Line

The vector equation of the line L passing through the point with position vector @ and
parallel to vector d is given by r = a + Ad.

a d,
o leta=|q, |andd=|d,
a; d,

x
Since, r represents the position vector of any point along this line, let r= | y |.

z
x q d,
 Hence, the equation of the line can be writtenas | y | = | a, | + A| 4,
z a, d,
o Comparing the i, j and & components:
X = + 7\.d1
y=az + 7\.d2

z=a3+7Ld3

This set of three equations is referred to as the parametric equation of the line L.
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02 Vector Equation of Line & Plane

2.1 Vector Equation of a Line

o Consider the line L which passes through the

LineL i
fixed point A and which is parallel to vector d. ¢

¢ The point A has position vector OA.,

o LetR be a variable point on the line L. The
position vector of R is OR.

s Clearly OR=0A + AR..

e Since line L. is parallel to 4, AR must be parallel
tod. Hence, AR=Xd. x

Therefore, OR=0A + A d .
That is, the position vector of any point on the line L can be written in this form.

Alternatively, the equation OR = QA + A d describes the pdsition vector of any point

on the line passing through the fixed point A and parallel to vector d. As A changes,
the point R traces a line parallel to d passing through the point A.

Rewrite OR =r and OA = a. The vector equation of a line passing through the fixed
point with position vector @ and parallel to d is given by:

r=a+id
5. 2N

\ direction vector of line

position vector of any point on line

position vector of fixed point

» Hence, the form of the equation is identical to that in the two-dimensional case.

Example 2.1

Find the vector equation of the line passing through the point with position vector
-2i+3j+6 kand:

(a) parallel to the vector i— j+2k (b) the point with position vector i + 6 j — .

Solution:

{(a) Vector equation of line isr=(2i+3j+6k)+Ai-j+2k)
=(2+0i+@B-N)j +(6+20)k

©® O.T.Lee 9
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2.1.3 Shortest Distance between point and line

e Let M be a point on line L with equation
r=a+id.

Let B with position vector b, be a point not on
line L.

When B is closest to line L, M is the foot of the
perpendicular from B to line L.

SRR s R

] i _ Line L B
e Hence, when B is closest to line L,

BM is perpendicular to line L.
That is, BM is perpendicular to d (which is the
direction vector of line L).

Hence, the closest distance is | BM | where BM o d = 0.

[ e
o

i

Example 2.7

Use a vector method to find the minimum distance between the point P with position vector
<2,,4>andtheliner=<2+A, A, -1 ~A>.

Solution:

Let M with position vector < a, b, ¢ > be a point on = T v— 5

theliner=<2+2,~k, -1 —A >, -

Hence, <@, b,c>=<2+ A, —A, ~1 — A >, LRIE 2 1 4] fﬁ

This gives:  a=2+A Detine mob{are x 1 fone |
Bh=— m(x)-—p [x 20-1 -x*S]
=] -1 dotpllx -1 %-s)[1 1 1)) 3aces

soive(f&-:ﬁ-é-(},x) x=-2
Also, PM =<a,b,c>-<2,1,4> nombn(-2)-p) Jie &
<24 h, A, -l ~A>—<2,1,4> -
=<d—h—1,-A=5>

. . . W Edit Hetion Interactive
P is closest to the given line when PM

. . o e il [Ealedv] B]
1s perpendicular to its direction vector d . T2,1,4750 =
Direction vector of line isd =<1, -1, -1 >. e meaets - [z 1 4]
2Tine mixi= FA R el e
= <}\,,“7\‘—1,—l—5>-<1,—1,“1>=_0 mp done
= A=-2 [ —x-1 -x~5]
dotP([x -z=1 =x-5],01,-1,~11>
Hence, shortest distance between P and given line _ Brutb
. l < 7\‘ -1 _7\‘ _5> l solve (3 2+6=0, 1) PN
. l ; ’ | norenCm{—2)—-p
=|<-2,1,-3> L JiT
= /14
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2.2 Review: Scalar Product Equation of a Line in 2D

e

o Consider Line L which passes through the point A
with position vector @. Let Line L be perpendicular n
to vector n.

o Let R with position vector r be any point on Line L.

:
S5

o C(Clearly, AR is also perpendicular to n. UnaL A
¢ Hence, AR.nz=0.
ButAR=r-a = (@¢r-a).n=0
Fen=qa.n

x

e In summary, the scalar product (dot product)
equation of a line passing through the point with position vector a and perpendicular
(normal) to the vector # is: s

YA~
A A

i

P

Position vector of any point on line

Position vector of fixed point on line

Vector perpendicular to line

2.3 Vector Equation of a Plane

o Consider the plane IT which passes
through the fixed point A with position
vector a. Let vector # be perpendicular
to the plane IT.

e Let point R with position vector r be
any point on the plane IT. Note that the
points A and R form a line L on the
plane IT.

o Clearly, AR which is within the plane
IT is also perpendicular to n.
o Hence, AR.n=0.
ButAR=r-a. = (r—a).n=0
r.n=a.n
® In summary, the vector equation of a plane passing through the point with
position vector a and perpendicular (normal) to the vector n is:

4*

ren=da.n
A A

b

P

Position vector of any point on plane

Position vector of fixed point on plane

Vector perpendicular to plane
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02 Vector Equation of Line & Plane

Example 2.11

Find the vector equation of the plane perpendicular to the vector < 2,-2, 5> and containing
the line with equation r=<1—2X, 3 +4x, -1 — A >.

Solution:

Let A =0.

Hence, the point with position vector < 1, 3, —1 > lies on the given line and hence lies on the
given plane.

Therefore, vector equation of plancisr.< 1,3, -1 >=< 1,3, ~-1><2,-2 5>
r‘<1,3,—"1 >=-0

Example 2.12

Find the position vector of the point of intersection between the line r = < 2h, 1+2,3-A>
and the plane r. <~1,1,4>=3 .

Solution:
Substitute r =<2, 1 +A,3~A>intor.<-1,1,4>=5
<ZML1+A,3-A>.<-1,1,4>=3
= -SA+13=3 => A=2
Hence, point of intersection has position vector < 4, 3, 1 >,

Example 2.13

Find the vector equation of the plane passing through the points A, B and C with position
vectors<1,2,1>,<-2 -1,4>and<2,1, 2> respectively,

Solution:

AB=<—2,_154>_<1:2:1>=<_33—"373>
AC=<2,1,-2>-<1,2,1>=<1,-1,-3>

Let n = <x, y, z> be the normal vector to the plane containing the points A, B and C.
Hence, AB.<x,y,z>=0 = <=3 -3,3 >o<x,y,z>=0
= S3x-3p+3z=0

~x—-y+z=0 I
Also, AC.<x,y,z>=0 = <L~l,-3>.<x,p3,z>=0
= x—-y—-3z=0 I
I+11 gives: 2y-2z=0 = y=—
Substitute into I x=2z

Hence, any vector of the form < 2¢, —, ¢ > where ¢ is real, will be normal to the plane.

Hence, vector equation of plane is r. < 2, -1,1>=<1,2,1>.<2,-1,1>
r.<2,-1,1>=1
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